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Abstract 



Reciprocal transformations of Hamiltonian operators of hydrodynamic type are 
investigated. The transformed operators are generally nonlocal, possessing a number 
of remarkable algebraic and differential-geometric properties. We apply our results 
to linearly degenerate semi-Hamiltonian systems in Riemann invariants, a typical 
example being 



Since all such systems are linearizable by appropriate (generalized) reciprocal trans- 
formations, our formulae provide an infinity of mutually compatible nonlocal Hamil- 
tonian structures, explicitly parametrized by n arbitrary functions of one variable. 
MSG: 37K18, 37K25, 37K35 
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1 Introduction 



Equations of hydrodynamic type, 



ul = v}{u)ui, i,j = l,...,n, 



naturally arise in apUications such as gas dynamics, hydrodynamics, chemical kinetics, 
the Whitham averaging procedure, differential geometry and topological field theory, see, 
e.g., IP], H^, m, [H]. In this paper we study Hamiltonian systems. 



dh 

u\ = v]{u)ui = T^^, ^ = l,2,...,n, (1) 

where 

r^ = g'Ku)^-g-{u)Vi,{u)u': (2) 

is the Hamiltonian operator and h{u) is the density. As pointed out by Dubrovin and 
Novikov 1^, expression (|^) defines a Hamiltonian operator if and only if the metric g"^^ 
(fi'*"' = g^^i det (7*-' 7^ 0) is fiat and r;^;^ are the Christoffel symbols of the corresponding 
Levi-Civita connection. Notice that equations (j^) and (|^) imply that t;j is the matrix of 
second covariant derivatives of the density /i, 

where V* = g^-'Vj. The theory of integrability of Hamiltonian systems of hydrodynamic 
type was proposed by Tsarev [|^, He demonstrated that if a Hamiltonian system (d) 



is diagonalizable, that is, can be written in the diagonal form 

Rl = v\R)Rl, 

(the corresponding coordinates R^ are called the Riemann invariants), then it necessarily 
possesses an infinity of conservation laws and commuting flows and, moreover, is integrable 
by the so-called 'generalized hodograph transform'. In Riemann invariants i?*, the flat 
metric g^^ also becomes diagonal, g'^^ = , thus establishing a correspondence between 
Hamiltonian diagonalizable systems (|l|) and n-orthogonal curvilinear coordinates in flat 
spaces. This shows that the theory of Hamiltonian systems of hydrodynamic type is 
deeply rooted in classical differential geometry. 

There exists an important class of non-local transformations which act on hydrodynamic- 
type systems. Unlike the classical Backlund transformations (Miura-type transforma- 
tions) familiar from the soliton theory, these transformations change the independent vari- 
ables of a system. They are defined as follows. Let B{u)dx+A{u)dt and N{u)dx + M{u)dt 
be two conservation laws of system ([^), understood as one-forms which are closed by virtue 
of (|l]). In the new independent variables x and t defined by 

dx = B{u)dx + A{u)dt, di = N{u)dx + M{u)dt, (3) 

equations ([1|) take the form 

ui = {)J.(u)4, (4) 
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where the transformed matrix v is v = {Bv — AE){ME — Nv)~^, E = id. Transfor- 
mations of the type (|^) originate from gas dynamics and are known as reciprocal [ p^ . 
The simplest example is, probably, the passage from Eulerian to Lagrangian coordinates 
in 1-dimensional gas dynamics. Reciprocal transformations are known to preserve the 
class of diagonalizable systems, which is an immediate corollary of the form of the trans- 
formed matrix v. Moreover, all conservation laws and commuting flows of the initial 
system can easily be recalculated in the new independent variables. Therefore, reciprocal 
transformations preserve the whole class of integrable systems of hydrodynamic type. 

The only object which, under reciprocal transformations, behaves in a non-trivial 
way, is the Hamiltonian structure. Generic reciprocal transformations destroy the local 
Hamiltonian formalism of the form (^. To the best of our knowledge, the behaviour of 
Hamiltonian structures under reciprocal transformations (an their appropriate general- 
izations) has not been discussed in the literature. Investigation of this problem is, thus, 
the main objective of our paper. 

In sections 3 and 4 we study the behaviour of Hamiltonian structures under 
reciprocal transformations (|^). The main conclusion is that local Hamiltonian struc- 
tures generally become nonlocal, so that the transformed system (1) is still Hamiltonian, 
u^. — J^Wh/du\ however, with the nonlocal Hamiltonian operator 

J'' = ~9''-^ - + E e'^wl),4 {£) ' njl^^s^. (5) 

Here = ±1; the explicit form of the transformed metric g^^ and the nonlocal terms is 
stated in sections 3 and 4. 

Remark. In the particular case of constant A, B, M, N, transformations (P) reduce 
to linear changes of the independent variables, x = bx + at, t = nx + mt, (a, b, m, n 
are constants). As pointed out by Tsarev ||2^, transformations of this type preserve the 



locality of Hamiltonian structures of hydrodynamic type (see also ||2| 



Nonlocal operators of the form (|^) have been extensively investigated in 



TBfl , PB| , []T|, [|r^, 1^, 0, and have a remarkable differential-geometric interpretation. 
The general theory is briefly recalled in section 2. As an illustration of our approach, 
we discuss Hamiltonian formalism of linearly degenerate semi-Hamiltonian systems in 
Riemann invariants, 

Ri = v\R)Rl 

where the characteristic speeds v^{R) satisfy the identities 

1. diV^ = for any i = 1,2, ...n, di = d/dR^ (linear degeneracy); 

2. dk^ = d,^ for any i ^ j ^ k (semi-Hamiltonian property). 

Linearly degenerate semi-Hamiltonian systems have interesting interrelations with separa- 
ble (Stackel) systems in classical mechanics |T^, |T6[, |Q, [Q, |T^ and finite-gap solutions 



of integrable soliton equations. For instance, the linearly degenerate semi-Hamiltonian 
system Rl = (^ R^ — R^) R], governs the evolution of zeros of the n— gap function 
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in the KdV theory 
degenerate system, 



[0, [Q. For n = 2 we have essentially one nontrivial linearly 



(6) 



arising in gas dynamics (Chaplygin gas), field theory (Born-Infeld equation) and classical 
differential geometry (minimal surfaces in Minkowski 3— space, improper affine spheres). 
Theorem 1 of section 3 provides infinitely many Hamiltonian representations of system 



J 



dh/du 
dh/dv 



(7) 



with nonlocal operators 



J = {u-vf 



f{n) 
ip{v) 



{u — v) 



\{U - V)f'{u)u^ + f{u){u^ - Vr,) 



d 

dx 



+ 



d 

dx 



v. 



where = — v)f'{u) — f{u) — ^{v)] and w"^ = ^[{v — u)ip'{v) — f{u) — ^{v)] 
are the characteristic speeds of commuting fiows of system (|^), and the corresponding 
Hamiltonian densities 



h 



A{v - u) 



dv 



dv 



parametrized by two arbitrary functions f{u) and ^{v). In view of the linearity of J in 
f{u) and ^{v), all these Hamiltonian structures are mutually compatible. Notice that the 
local part of the operator J is of the form (^, corresponding to the metric 



[u — V) 



du^ 



+ 



dv' 



which is not flat for generic f{u) and y:>{v). Particular choices of f{u) and f{v) lead to 
local Hamiltonian structures which were first discovered in and (see Example 1 in 



section 3). 

Another example of this type is the 3— component linearly degenerate semi-Hamiltonian 

system 

Ut = {v + w)Ux, Vt = {u- w)Vx, 



1 



Wt 



-{U + V)Wx, 



which is the Riemann invariant form of non-isentropic gas dynamics with the special 
equation of state P{p,s) = s — 1/p, see |^ and Our approach provides infinitely 
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many nonlocal Hamiltonian structures of the form 




i/'(«)n,. + 2/(«)(i). 



+ 



W^Wx 



Vx 
Wx 




P 



w + 



V — u 



-1 



Here the local part is of the form (|^), generated by the diagonal metric 

du^ dv"^ dw"^ 



{2w + V — u) 



+ 



+ 



f{u) ipiv) ij{w)J ' 



(9) 



which is not flat in general, and w^, w"^, are the characteristic speeds of commuting 
flows of system (||): 

= -^i2w + v-u)fiu)-^[fiu) + ipiv) + A^iw)l 

= ^{2w + v-u)^'{v)-^[f{u) + ^{v)+A^{w)], 

= {2w + V - u)iIj'{w) - ^[f{u) + (f{v) + AiIj{w)]. 

These Hamiltonian operators depend linearly on three arbitrary functions f{u), ip{v) and 
iplw), and are mutually compatible (Example 2 in section 3). 

Similar arguments applied to the 3-component linearly degenerate semi-Hamiltonian 
system 

Ut={v + w)Ux, vt={u + w)vx, Wt={u + v)Wx (10) 
provide infinitely many nonlocal Hamiltonian structures 



J 




\ h 

,33 / dx 



( 9''[fl$Ux + --^ + 



^ 2,Lp[y) u—v v—w 

g'-^'-^Vx+g^^Wx 



U 



X^Ux I^^Ux TJ^Ux 
X^Vx fi'^Vx 'rfvx V 

A3 



Wx fi^Wx rfwx Wx 



d 

dx 



g^^Ux+g^^Wx 
u—w 

g^^vx+g'^^wx 



33r^'M , 



v—w 

Wx—Vx 



+ 



+ 



Vx 
,2, 



Wx \ 
Tj^Ux Tj-Vx V^Wx 
jJi^Ux fi'^Vx IJ?Wx 
\ X^Ux X^Vx X^Wx J 
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Here the metric components are 

g^^ = {u- vY{u - wf-f{u), g^'^ = {v - uY{v - w)'^(p{v), g^^ = {w - uf{w - vy^lj{w), 

the coefficients r]^ = v + w, rf = u + w and t]^ = v + w are the characteristic speeds of 
system (|l3), and /x*^, A*^ are the characteristic speeds of its commuting flows: 

fi^ = —-{u — v){u — w)f'{u)+uf{u)+v(p{v) + wilj{w) 

U V w 

1 



f{u)du - J Lp{v)du - J i){v)du - -{v + w) {f{u) + ip{v) + ipiw)) , 
A^ = {u-v){u-w)[2f{u) + uf'{u)]~2[u^f{u)+v^ip{v)+w^^{w)] + 

U V w 

-\-{v + w)[uf{u) + v({>{v) + wil){w) + f{iy)diy+ (p{iy)diy + ^jj{i')diy]. 



{fj,"^, jj? and A^, A'^ can be obtained by a cychc permutation of m, v, w and /, ip, ip). 
These operators depend hnearly on three arbitrary functions /(m), '■p{v) and ip{w) and 
are mutually compatible. The details can be found in Example 3 in section 4. 

Generalized reciprocal transformations and their action on the local Poisson brackets 
of Dubrovin-Novikov type are discussed in section 5. 

2 Nonlocal Hamiltonian operators of hydrodynamic 
type. Nonlocal Hamiltonian formalism for semi- 
Hamiltonian systems 

In this section we recall the necessary information about nonlocal Hamiltonian operators 
of hydrodynamic type 

J'' =9''^-9''^ik< + Y.^''^U^<i^ ^Un<, ^" = ±1, (11) 

which are defined by a metric g^^ {g^^ = g^^, detg'^^ ^ 0), the corresponding Levi-Civita 
connection F-^^ and a set of affinors forming the nonlocal "tail". 

Theorem 1 / [71|/ The operator J*-' is Hamiltonian if and only if the affinors W(a) satisfy 
the equations 

gikw'l^)j = gjkwla)i, (12) 
Vfc^„),- = '^jwl^)k, (13) 

and the curvature tensor of the metric g'^^ has the expansion 

= - ^Ui<.)k) ■ (14) 



Moreover, the set of affinors W(^a) must be commutative, 

[W{a), = 0. 



(15) 



As pointed out in [11], equations (12)-(15) constitute the Gauss-Codazzi-Ricci equa- 
tions of submanifolds of pseudo-Euclidean spaces with flat normal bundle. There are 
three particularly interesting special cases of the general formula (|lT]). 

Hamiltonian operators associated with constant curvature metrics, first in- 
troduced in lEOi (see also 12511), are of the form 



d 



dx 



d 



dx 



-1 



ui. 



(16) 



Here g'^^ is a metric of constant curvature c, so that the Gauss equation ( p!4D takes the 
form 

I^i = c m - 6lSi) . 

Hamiltonian operators associated with conformally flat metrics are of the 



form 13 



d 



d 



dx 



-1 



d 

dx 



(17) 



The corresponding equations ([T^)-([T1) reduce to 



9ik'w] = gjkWi, 
while the curvature tensor of the metric g'^^ has the expansion 

implying that the metric g'^^ is conformally flat. 

Hamiltonian operators associated with hypersurfaces of the Euclidean space 

are 
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d 



d 



dx 



The corresponding equations (IT 



9ikWj = gjkwf, 
Rki = - 

are the Gauss-Codazzi equations governing the first fundamental form g^^ and the shape 
operator of a hypersurface in the Euclidean space. 
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Nonlocal Hamiltonian operators of the form (0) and their particular instances (16)- 
(|1^) appear in a variety of applications including the Whitham theory (where operators 
of the form (|Tl|) arise as a result of the Whitham averaging of nonlocal higher order 
Poisson brackets of integrable PDE's |1[], [0), recursion scheme, Dirac reduction, etc [ pJ]] . 
Canonical coordinates for these operators were introduced in a recent paper by Maltsev 
and Novikov |17|. The corresponding nonlocal symplectic structures were investigated in 



18 



Notice that equations (p])- ([T^) simplify if the metric g and affinors are diagonal, 
gij _ ~ ^(a)^]- ■'■^ ^^^^ ^^^^ operator ( pA]) takes the form 



d 

dx 



d 



while equations (^2|)-(|1^) reduce to 

dj In y/g'i, 



(19) 



(20) 



(21) 



for any i j. Nonlocal Hamiltonian operators of the form ( |T9|) naturally arise as Hamil- 
tonian structures of semi-Hamiltonian systems in Riemann invariants |Tl|, Let us 



recall the main construction. Following Tsarev p8|, a system in Riemann invariants 

Rl = v\R)K, 2=l,2,...,n (22) 
is called semi-Hamiltonian if the characteristic speeds v^{R) satisfy the identities 



dkv' 



yj — yi 

for any triple i ^ j ^ k. Let us introduce the diagonal metric gudR^^ by the formulae 



dj In 



yj — yi 



(23) 



for any i ^ j. Notice that gu is defined up to a multiple gu gu/ p {R^), where f\R^) is 
an arbitrary function of i?*. 

Although the metric gu may happen to be flat for particular choices of f^{R^) (in this 
case our system is Hamiltonian with the local Hamiltonian operator of Dubrovin- Novikov 
type corresponding to the metric gu), it is not flat in general. Suppose one can find 
the expansion of the curvature tensor of this metric in the form ([21|), where w^^^ are 
characteristic speeds of commuting flows of system (^2]): 



(24) 
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Notice that the flows (^2]) and (|2^) commute if and only if 



V 



w 



(a) 



W 



(a) 



(25) 



for any i j. In this case the system ( ^2]) will be Hamiltonian with the nonlocal Hamil- 
tonian operator (p^ ) (indeed, both conditions ( pO]) and ( [21| ) are satisfied). The main 
problem is thus to find the expansion ( plj) for a metric satisfying (^31) . We point out that 
the sum in ( PT| ) is infinite in general. 

Remarkably, there exist semi-Hamiltonian systems for which one can explicitly con- 
struct the expansion ( PT| ) for an arbitrary metric ga satisfying (PB]). Moreover, for any 
choice of f^{K') the summation in ( pi]) is finite, so that the corresponding systems possess 
infinitely many Hamiltonian structures explicitly parametrized by n arbitrary functions of 
one variable. Among the most interesting examples of this type are systems of Temple's 
class and linearly degenerate semi-Hamiltonian systems. The construction of nonlocal 
Hamiltonian formalism for linearly degenerate semi-Hamiltonian systems is based on the 
formulae for reciprocal transformations of local Hamiltonian operators which we derive in 
sections 3-5. 



3 Reciprocal transformations which change only the 
space variable x 

Consider a Hamiltonian system ([|), 

dh 



v]{u)ui = {w,h)ui = r- 



with the local Hamiltonian operator (0), 

In this section we discuss special reciprocal transformations of the form (^ which change 
the space variable x only, 

dx = B{u)dx + A{u)dt, i = t. (26) 
Notice that an arbitrary reciprocal transformation (|^) can be represented as a composition 



R10T0R2 



where Ri and R2 are reciprocal transformations of the form ( p6D and T is the transfor- 
mation interchanging the independent variables: x = t, t = x. After the transformation 
(P^), system (0) takes the form 

«i = v]i^^yi = (V^V,/i -B-S^A) (27) 
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while the Hamiltonian operator J*-' undergoes a nontrivial transformation and becomes 
nonlocal. To write down the transformed operator J*-', we introduce the Hamiltonian 
system 

< = w]in)vi = r— = iW,B)ui (28) 

generated by the Hamiltonian operator J*-' and the density B. Clearly, systems (|1]) and 
(^) commute. Since the flux of the conserved density B corresponding to the flow (|28|) 
is given by the formula |(V-B)^ (here V-B = Bidu^ is the gradient of B and (V-B)^ = 
g^^BiBj), we can incorporate the time r into the reciprocal transformation ( ^6]) as follows: 

dx = Bdx + Adt + ^{VBfdr. 
Therefore, the transformed system (|28|) takes the form 

< = w]iu)vi = (v^V.i? • B - ^5]{VBf'^ ul (29) 

The transformed systems (^^ and (p9D commute. Now we can formulate the main result 
of this section. 



Theorem 2 The transformed system (W/'J is Hamiltonian, 



du^ 

with the nonlocal operator 

J'' = ~9''^-rr>^ + K4l^-^) + (30) 

and the Hamiltonian density h{u) = h{u)/B{u). Here the transformed metric is g^^ = 
B'^g^^ , r is the Levi-Civita connection of g, and is given by ([g^. Notice that the 
transformed metric is conformally fiat with the curvature tensor 



The proof follows directly from results of [|T^ where nonlocal Hamiltonian operators of 
the form (|30|) associated with conformally flat metrics were investigated. As an illustration 
of the procedure outlined in Theorem 1, we explicitly construct nonlocal Hamiltonian 
formalism for the 2— component linearly degenerate system 

Example 1. The linear system 

Ut = Mx, Vt = -Vx (31) 
possesses infinitely many Hamiltonian representations 

" ^ - J f ^J/f ] (32) 



V J \ dh/dv 
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with local Hamiltonian operators J of the type (|^ 





J = 4 

corresponding to flat metrics 



f{u) 
ip{v) J dx 



d 



f'{u)u, 

f'{v)V:,; 



ds' 



dv? dv"^ 
+ 



(33) 



(34) 



4/(m) A^{v) 

(here f{u) and ^{v) are arbitrary functions). The corresponding Hamiltonian densities 

1 7 1 7" rlij 

h{u, v] 



are 



r du 


2 

1 


/• du 




" 8 


J ^^{v) 



Consider the reciprocal transformation 

dx = Bdx + Adt = -(t^ — u)dx — -(t' + u)dt, 
mapping the linear system (|3l| ) to the hnearly degenerate system 

Ut = VUx, Vt = UVx- 



t = t. 



(35) 



(36) 



(37) 



To write down the transformed Hamiltonian operators (|33D, we first introduce the trans- 
formed metric 

,38) 

which is no longer flat for generic f{u) and (p{v). Following the procedure outlined in 
Theorem 1, we calculate the Hamiltonian flow generated by the Hamiltonian operator 
(p^) and the Hamiltonian density B = ^{v — u) . A simple computation gives the system 

Ur = -f'{u)Ux, Vr = (p'{v)Vx, (39) 

which clearly commutes with (|31|). To incorporate the time r into the reciprocal trans- 
formation (|36|) , we calculate the flux of the density B corresponding to the flow (|39D , 

^(V5)^ = ^[/M + ^M]- 



Thus, reciprocal transformation ( PB]) takes the form 



dx = Bdx + Adt + hvBfdr = hv - u)dx - hv + u)dt + ]-[f{u) + ip{v)]dT, t = t, 

Zi Zi Z Zi 



so that the transformed system (^9]) is 



where 



w 



(40) 



-\{v-u)^\v)~i{u)-^{v)\ (41) 
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(notice that equations (|40|) and (|4l|) constitute a general commuting flow of the linearly 
degenerate system (p?])). According to Theorem 1, system ( |37D is Hamiltonian, 



u \ _ J f dh/du 
^ )t~ V dh/dv 



with nonlocal operators J of the form 



^ ^ ' ifiv) j dx 



[u — v) 



(42) 



+ 



W Vx Vx 

and the Hamiltonian densities 



d 

dx 



-1 



Ux 



Vx 



W^Ux w'^Vx 



h = h/B 



4(i; - u) 



dv 



-1 2\ 



du 



All these operators are mutually compatible. Let us discuss some particular cases. For 



f{u) = 1, ip{v) = -1 and f{u) = u, ip{v) 
transformed operators take local forms 



-V we have 



w 



{u - vf 



/ 1 \ f Ux-Vx Vx-Ux 

\0 -1 J dx \Ux-Vx Vx-Ux 



0, so that the 



(43) 



and 



(u-vf 



u , 

-V J dx 



'|m - lv)Ux - UVx UVx - VUx 

VUx-UVx {^V - lu)Vx - VUx 



(44) 



the corresponding Hamiltonian densities being 



h{u, v) 



u^ + v^ 
4:{v - u) 



and h{u,v) 



U + V 



V — u 



respectively. In the case f{u) = m^, fi^v) = —v"^ we have = —w 
the operator J takes the form 



^ — ^{u — -u)^ so that 



{u-vf 



{u — v) 



u' 
-v^ 



d 

dx 



u{2u — v)Ux — U^Vx U^Vx — v'^Ux 
v'^Ux — u^Vx v{2v — u)Vx — v'^Ux 



+ 



(45) 



\{u — v^u, 

-\{u-vfVx Vx 



x Ux 



d 

dx 



Ux Vx 

\{u-vfux -\{u-vfvi 
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with the corresponding density 



h{u, v) 



A{v - u) 

Notice that the local part of the Hamiltonian operator (E5| 



{u - vf 



u 








d . , 
-Tz+{u-v) 
ax 



u{2u — v)ux — U^Vx 



is itself Hamiltonian, indeed, the metric 



du^ dv" 



v{2v — u)vx — V^Ux 



, (46) 



is fiat. 

One can show that the operators (^31) , (|4^) and (^61) (are arbitrary linear combinations 
thereof) are the only local Hamiltonian structures of Dubrovin-Novikov type of the system 
(W^- This follows from the fact that the metric 



{u — vY 



du^ 



dv' 



is flat if and only if 

f{u) = au^ + Pu + J, f{v) = —av"^ — /Si; — 7, 
where a, (3 and 7 are arbitrary constants. These local structures were first discovered in 



and 0], and subsequently generalized to polytropic gas dynamics in |21], [22]. The 
general nonlocal operator (^) first appeared in |^. 
Example 2. The linear system 



Ut = Ux, Vt = -Vx, Wt = 

possesses infinitely many Hamiltonian representations 

dh/du 
J I dh/dv 
dh/dw 



(47) 




with local operators 



fin) 



J 







ip{v) 









ip{w) 






ip'{v)vx 
ip'{w)wx 



corresponding to fiat metrics 



ds' 



dv? 



+ 



dv"^ dw"^ 
+ 



4/(m) Alp{v) 4iIj{w) 
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' u 

r dv 


2 

1 


r dv 




" 8 


J ^(fiu) 



(here f{u), (f{v) and ip{w) are arbitrary functions). The corresponding Hamiltonian 
densities are 



h{u, v] 



Consider the reciprocal transformation 

dx = Bdx + Adt = [w + - {v — u)]dx — -{u + v)dt, i = t 

mapping the system (E^ to the hnearly degenerate semi-Hamiltonian system 

1 



Ut = {v + w)Us:, Vt = {u-w)Vs:, Wt = -{u + v)Ws,. 

Notice that under the change of variables 

M = — C+S — 1/p, V = —C—S+\/p, W = S 

system (^) takes the form of equations of gas dynamics 

Pt + ds:{pc) = 0, Ct + CC^ + -d3iP{p, S) = 0, St + CSs: = 

P 



(4J 



(49) 



(50) 



(51) 



with the special equation of state P = s — 1/ p generalizing isentropic Chaplygin gas (see 



2|] and |T9|). 

To calculate the transformed Hamiltonian operators (^, we introduce the conformal 



metric 



ds 



7.2 



^ = (2«; + ^;-w)-2 



du^ dv"^ dw"^ 
+ + 



f{u) (p{v) ip{w)^ 

which is no longer flat in general. Following the recipe of Theorem 1, we introduce the 
Hamiltonian flow generated by the Hamiltonian operator (^) and the Hamiltonian density 
B = w + ^{v — u) . A simple computation gives the system 



(52) 



which commutes with (0). To incorporate the time r into the reciprocal transformation 
(^), we calculate the flux of the density B corresponding to the flow (|5^) , 

^{VBf = ^[fiu) + ^{v) + A^{w)]. 

Thus, transformation (|48| ) takes the form 
dx = Bdx+Adt+l{VBfdT = [w+^{v - u)]dx - l{v+u)dt+^[f{u)+ip{v)+4ilj{w)]dT, 

i=t, 

so that the transformed flow (|5^) is 

(53) 
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where 



= -^{2w + v-u)fiu)-^[fiu) + ipiv)+Atljiw)], 

= ^{2w + v-u)^'{v)-^[f{u) + ^{v) + 4^{w)], (54) 



w 



3 



1 



2 



Notice that equations (0) and ( ^41) constitute a general commuting flow of the hnearly 
degenerate system (^91). According to Theorem 1, the system (^) is Hamihonian, 

(dh/du 
dh/dv 
dh/dw 

with nonlocal operators J of the form 





2 
P 



-2ll){w)u3: - f{u)Wi: 
-2i){w)Vs: + f{v)Ws: 

yHt;5 + 2^H(i), 



+ (55) 



Ux 



and the Hamiltonian densities 



d 

dx 



Ux Vx 



Wx 



W^Wr 



h 



h/B = ^ 



dv 



dv 



where 2w + v — u = 2/p (see (^Up)- point out that the corresponding metric 
if and only if 

f{u) = eu + a, fiv) = ev + P, ip{w) ■ 



e 

'2^ + 7, 



is flat 



where the constants a, /?, 7 and e are constrained by a + /? + 47 = 0. In this case 
= w"^ = = 0, so that the corresponding operators ( pSj ) are local, thus providing 3 
non-equivalent Hamiltonian structures of Dubrovin-Novikov type. 
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4 Reciprocal transformations which change both x 
and t 

Consider again the Hamiltonian system (|l]), 

dh 

with the local Hamiltonian operator 

^ dx ^ 

corresponding to the flat metric g'^K In this section we discuss the behavior of Hamiltonian 
operators @) under general reciprocal transformations 

dx = B{u)dx + A{u)dt, di = N{u)dx + M{u)dt 

of the form @ which map system (|l]) to the system (^), 



"-^^'"^-^ d = {Bv - AE){ME - Nv)-\ E = id. 

First of all, we introduce the transformed metric 

_ (MSI - Nvl)iM6i - Nvj) 
^ ~ {BM - AN)^ ^ ^^^^ 

which is no longer fiat in general. This metric will generate the local part of the trans- 
formed Hamiltonian operator J. 

Remark. In the particular case of reciprocal transformations changing only the vari- 
able X, we have = 0, M = 1 so that formula (|56D reduces to the conformal transforma- 
tion 

Similarly, if we interchange the independent variables (that is, if A = = 1, S = M = 0), 
we have 



which coincides with the formula proposed in [^. Notice that in the second case the 
metric g^^ is automatically flat, which means that the local Hamiltonian formalism is 
invariant under the interchange of independent variables. 

To calculate the nonlocal "tail" of the transformed operator J, we introduce the Hamil- 
tonian flows 

< = (V^V,iV)<. = (57) 

and 

ul = (V^V,5)< = J'^— , (58) 

generated by the Hamiltonian operator J*-^ and the Hamiltonian densities and B which 
enter the reciprocal transformation (||). Clearly, systems ( ^7|) and (|58D commute with (|l|). 
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To incorporate the times r and ( into the reciprocal transformation (Q), we calculate the 
fluxes P, Q and R, S of the Hamiltonian densities B and A^, 



dx = Bdx + Adt + Pdr + QdC,, 
dt = Ndx + Mdt + RdT + SdC, 

that is, the coefficients which make these 1— forms closed by virtue of 
Here 



(0) and 



J' 



Q 

R = i(ViVf = -^^^iV,, 



(see (|2^)) and P, S are normalized as 

P + S = {VB, VN) = g'^B.Nj. 
Therefore, the transformed flows (0) and ( |58D take the forms 

and 



where the matrices /x* and A* are 



= BWjN - PS} + Nd^WkN - Rd] 



and 



A* = BV'VjB - Q5] + Nv^-V'VkB - Sv 



J' 



(59) 
(60) 

(61) 
(62) 



respectively (these formulae readily follow from (^) and (^) after one changes from x, 
t, r, C to X, t, r, C). The transformed flows ( ^9]) and (^) commute with (^). Now we can 
formulate the main result of this section. 

Theorem 3 After the reciprocal transformation the local Hamiltonian operator ^ 
corresponding to the flat metric g^^ becomes nonlocal of the form 



dx 



d_ 

dx 



-1 



d_ 

dx 



-1 



Here the local part is defined by the metric g^^ given by (pqj, T is the Levi-Civita connection 
of g, and the nonlocal terms A*, /i* and Vj are defined in l^6l\), and In particular, 
the curvature tensor of g^^ is 



^kl 
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The proof of Theorem 3 will follow from general results of section 5. 
As an illustration of this procedure, we explicitly calculate nonlocal Hamiltonian op- 
erators associated with the 3— component linearly degenerate system (0). 
Example 3. We start with the same linear system ( ^Tj) as in Exampe 2, 

Ut = Ux, Vt = -Vx, Wt = 

which possesses infinitely many Hamiltonian structures with operators 

J=\ v{v) U- + 9 ° ^'""^ ° ^^2) 
V l^{w) J ^ \ / 

corresponding to flat metrics 

, r, du^ dv"^ dw"^ , 
f{u) >^[v) ^[w] 

(here /(u), '^{v) and t\}{yS) are arbitrary functions; the multiple 4 is chosen for the conve- 
nience). 

Consider the reciprocal transformation 

dx = Bdx + Adt = {2w^ - - v'^)dx + {v"^ - u^)dt, (65) 
dt = Ndx + Mdt = {u + V — 2w)dx + {u — v)dt, 



which maps system (^) to the 3— component linearly degenerate semi-Hamiltonian system 

■"i = ("^ + 'w)ux, vi = {u + w)vx, wi = {u + v)Wx. (66) 

The transformed metric (|^) (apply formula (|56D ), 

d~^ c?-u^ ^ dv"^ ^ dw"^ 

{u — vY{u — wY f{u) [v — uY{v — wYip{v) {w — uY{w — vYil){wy 



is no longer fiat for generic /(m), ^{v) and il){w). The commuting flows of system (|47|) 
generated by the Hamiltonian densities N = u + v — 2w and B = 2w'^ — — v"^ are 

11 1 

Ur = -f'Ux, Vr = -(f'Vx, = --^'w^ (68) 

and ^ 

uc_ = -{2f + uf')ux, vc_ = -{2ip + vip')vx, wc_ = {ip + -wi)')wx, (69) 



respectively. To incorporate the times r and C into the reciprocal transformation (|65|), we 
have to calculate the fluxes P, Q and S of the Hamiltonian densities B and A^, 

dx = Bdx + Adt + Pdr + QdC, (70) 
di = Ndx + Mdt + Rdr + SdC, 
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that is, the coefficients which make these 1— forms closed by virtue of (^71), 
Here 



and (H). 



Q 

R 



1 



^(ViV)2 = ![/(«) + ^(t;)+^H], 



while P and S are of the form 

U V w 

P = —uf — v(p — wip + jf{v)dv + j ip{v)dv + j ip{v)dv, 

U V w 

S = —uf — vip — wip — j f{v)dv — j ip[v)dv — j 4){u)du, 

respectively. Notice that P + S = (VB, VN) = g^WiNj. Under the extended reciprocal 
transformation (^), the commuting flows ( ]68| ) and ( |69D take the form 



and 



where the characteristic speeds are 

1 



(71) 
(72) 



— [u -v){u- w)f' -{v + w)R - P, 



[v — u){v — w)ip' — {u + w)R — P, 



and 



A^ 



— -{w — u){w — v)iIj' — {u + v)R — P 



{u -v){u- w){2f + uf) -{v + w)S - Q, 
{v — u){y — w){2(p + vip') — {u + w)S — Q, 
{w — u){w — v){2ip + wip') — (u + v)S — Q, 



respectively. The transformed flows ( [TlD and (ff^) commute with (|66D. According to 
Theorem 2, the transformed metric ( pTf ) and the transformed flows (|7TD and ([72| ) generate 
the nonlocal Hamiltonian operator which, in matrix form, is 



J 




^ i-2f{u) u—v u—w J 

-99 -1 1 

9 Uj+g'-^Vj 



u—v 



9~l^Vx + ^^ + 



u—w 

g'^^vx+g'^^wi 



^ 2ip(w) w—v u—w - 
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n'ux 

,1 



Vx 



rfwx 

fi^Wx 



\ yux J 

where are components of the transformed metric (p7|), = v + w,ri'^ = u + w and 

^3 



u + V are the characteristic speeds of system (|66|) , and A , are the characteristic 
speeds of its commuting flows (^) and ([72]). In the particular case f{u) = a, (p{v) = [3 
and ip{w) = 7, where a, /3, 7 are constants subject to a single constraint a + /3 + 7 = 0, 
we have X'' = = 0, so that the transformed operator takes the local Dubrovin-Novikov 
form, the corresponding flat metric being 



ds 



7.2 



+ 



+ 



dw"^ 



a{u — vY{u — wY (3{v — uY{v — wY ^{w — uY{w — vY 



As shown in [23], these are the only local Hamiltonian structures of hydrodynamic type 
of the 3— component system (|66D. 

Remark. Modifying the reciprocal transformation (^) from Example 3 as 

dx = [2R{w) - P{u) - Q{v)]dx + [Q{v) - P{u)]dt, 
dt = [A{u) + B{v) -2C{w)]dx+[A{u) - B{v)]dt, 



we obtain the transformed system 
R{w) - Q{v 



Uf 



-Ux, 



V; 



P{u) - R{w] 



Vx, 



Wz 



Q{v) - P{u) 



Wx, 



(73) 



C{w)-B{vr^' A{u)-C{wy-'' B{v)-A{u) 

where A{u), B{v), C{w) and P{u), Q{v), R{w) are arbitrary functions. As shown in 



12], formulae (^) define a general 3— component linearly degenerate semi-Hamiltonian 



system. Repeating the construction of Example 3, one can obtain the associated family 
of nonlocal Hamiltonian structures. 



5 Generalized reciprocal transformations 

Consider commuting flows of hydrodynamic type 

Rl,=vi{R)Rlr, ^ = l,2,...,n, /? = 1, 2, AT, (74) 

where we have set = x and = t (so that v\ = 1). We assume that the flows ([7^) 
are Hamiltonian with the local Hamiltonian operator (^ generated by the flat metric 
ds"^ = gii{R)dR^ , so that = V^Vihp, where hp are the corresponding Hamiltonian 
densities. Let us change from t^, t^,..., to the new independent variables t^, t^,..., 
defined as 

df< = al{R)dt^, 7,/? = 1,2,. ..AT, (75) 

where al{R) are the conserved densities of systems ([7^) , and aJj{R) are the corresponding 
fluxes: 

dtfsaj = dtial- (76) 
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Transformations of the type ([75|) naturally generalize reciprocal transformations (the case 
N = 2). Under the generalized reciprocal transformation ([75|), the commuting flows ([7^ ) 
transforms to 

Rl,=v},{R)I^, (77) 

where 

vh = 7^. (78) 

while the metric ds^ transforms to 

ds^ = ~gudR\ gu = gu{A'ivi)\ (79) 
Here is the inverse of a^, 

dt^ = A^di^. (80) 

We emphasize that the transformed metric ds"^ is no longer fiat in general. In the particular 
case N = 2 formula (^) reduces to (|56|). To calculate the curvature tensor of the metric 
ds'^ we introduce extra flows 

RU=wi^{R)Rl„ t = l,2,...,n, 7 = 1, 2, iV, (81) 
generated by the Hamiltonian operator (^ and the Hamiltonian densities (i?): 



Clearly, the flows (q^) commute with (ffll). To calculate the transformed flows (|8T 
we have to incorporate the times into the generalized reciprocal transformation ([75|), 
namely, 

df" = aldtf^ + c}dT^ , 7,/3 = l,2,...,Ar. 
Here the fluxes are restricted by 

+ 4 = (Vaf, VaT) = Y,9'\d,4){d,al), (82) 

where (V/, Vg) denotes a scalar product of the gradients of / and g in the metric ds^. 
Finally, the transformed flows (|HT|) take the form 



i?;, = *;(i?)4, (83) 

with 



i - clA^vi 



< = ' P" - (84) 



Theorem 4 The curvature tensor of the transformed metric ds is 

N 
13=1 

The metric ds^ generates the nonlocal Hamiltonian operator 

N . , . _i N 



d ~ f d \ f d \ 

/3=1 ^ ^ /3=1 ^ ^ 
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Proof: 

let us introduce the Lame coefficients Hn = ^Jg^i and the rotation coefficients = 
diHikl Hii (for any i ^ k). According to (|2^), the hnear problem 

diHk = PikHi, i ^ k, 

has particlular solutions HjSi, where Hj3i = v'^pHu, and other solutions iff, where 

iff = w'^pHii. Since commuting flows ( [74|) and ( pi]) are locally Hamiltonian (t;^ = V*Vj/i/3 

and the relationship between conserved densities (/i^ and af ) and the 

corresponding commuting flows (t;^ and w^) can be written as 

Hf3i = + J^Pmi^pm, iff = + J2f^rm^^, (85) 

where ipisi and ■j/'f are deflned by the equations dihp = ipjjiHu and dia^ = ip^Hu. In this 
notation the formulas (ffSf), (|8^) and (^) become 



if/3i = A^H^i, iff = iff — if^jC^ 
(where i)^ = Hpi/ Hu and = /Hu) and the transformed rotation coefficients are 

Since the metric ds^ is flat, the curvature components B^^^f^ ii 3 k) vanish identically, 
that is, diPjk = PjiPik {i 1^ 3 1^ k). This identity is preserved under generalized reciprocal 
transformations: dilSjk = PjiPik- However, the components Rfj deflned as 



where 

will no longer be zero. Indeed, 

= A,, - if,, [iPl + E Pm.rj - H., [iPl + E Pn^j^J + H^Aj E ^ii^l- 

Since Aj, = 0, equations (^) and (|82D , imply 

A,, = -H,,Hj-H,,H] + H,,Hp,{c^^ + cl) = 
= -H/sj [iff - H^icjl - Hj3j [iff - H^ic}] = 
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Thus, the transformed curvature tensor is 



= = ^ = ^P^P + ^>/3- 



For N = 2 this proves Theorem 2 formulated in section 4. 

As shown in |T^, any hnearly degenerate semi-Hamiltonian system in Riemann invari- 
ants can be hnearized by a generahzed reciprocal transformation. Applying the results of 
section 5 to local Hamiltonian structures of a linear system, one can explicitly construct 
an infinity of mutually compatible nonlocal Hamiltonian structures for an arbitrary lin- 
early degenerate semi-Hamiltonian system in the same way as it was done in examples 
1-3. In the example below we explicitly construct nonlocal Hamiltonian formalism for the 
n-component linearly degenerate system mentioned in the abstract. 

Example 4. 

As shown in [T^, the linearly degenerate semi-Hamiltonian system 

^ = l,2,...,n, (86) 

\ m=l / 

and its linearly degenerate commuting flows 

Ri, = i-lf^' (^dihp) Ri„ 2 = l,2,...,n, /3 = 3, 4, 

where 

n 

h = Y[{1 + XR'') = 1 + Xhi + X^h2 + X% + ... + X'^hn, 
k=l 

can be obtained from a set of commuting linear flows 

Rl, = ieY-'Rli, P = l,2,...,n, 
(e* are arbitrary constants) by a generalized reciprocal transformation, 

where 

n 

= ^{e^y-\R^T-^ . 

k=l 

In the 2— and 3— component cases the explicit form of this transformation is stated in 
Examples 1 and 3. The inverse reciprocal transformation is 

dtf^ = A^di\ 

where 

k=i n (^'^ - ^"") n (^^ - R") 

m^k s^k 
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and 



e = + Xe^) = 1 + Xsi + \^e2 + X'h + ■■■ + A'e. 



k=l 



Applying Theorem 4 to local Hamiltonian structures of the corresponding linear systems, 
we obtain infinitely many nonlocal Hamiltonian operators associated with the system 



n-l 



/3=1 



dx 



d 

dx 



wiRi + wiR 



d 



diRi 



Here gii{dR^Y is the diagonal metric of the form 

dR^^ 



Y[{R^~R'^)nR^] 



+ ... + 



dR" 



n (i?" - R^)f''{R" 



with the curvature tensor 



where 



ra-l 



/3=1 



(87) 



dih 



[n 



(3)1[{R^ - R') 

dic} = (n-/5)(n-7) 



-m^RT-^-' + (n - /? - l)f,{R){Rr-^-' 



n-l 
7=1 



+ {n-(3-l)MR'){R 



Operators (|87D depend on n arbitrary functions f^{R^), f^{R^), and are mutually 
compatible. It was demonstrated in that the metric ( P^ ) is not fiat for n > 4, 
whatever /*(-R*) are. 
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